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Neural Networks for Inverse Problems Using Principal
Component Analysis and Orthogonal Arrays
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An obstacle in applying artificial neural networks (NNs) to system identification problems is that the dimension
and the size of the training set for NNs can be too large to use them effectively in solving a problem with available
computational resources. To overcome this obstacle, principal component analysis (PCA) can be used to reduce
the dimension of the inputs for the NNs without impairing the integrity of data and orthogonal arrays (OAs) can
be used to select a smaller number of training sets that can efficiently represent the given behavior system. NNs
with PCA and OAs are used here in solving two parameter identification problems in two different fields. The first
problem is identifying the location of damage in cantilever plates using the free vibration response of the structure.
The free vibration response is simulated using the finite element method. The second problem is identifying an
anomaly in an illuminated opaque homogeneous tissue using near-infrared light based on the simulation of the
photon intensity and the photon mean time of flight in perfect and imperfect tissues using the finite element method.

Introduction

HE objective of this work is to apply neural networks (NNs)

in solving the inverse problems of damage detection in the
structural engineering and of optical medical imaging problem in
the biomedical engineering. This work is continuation of the work
presented previously.! Our work is unique in that we try to apply
one method to two seemingly totally different fields and try to ben-
efit from utilizing the experience obtained from two different fields.
Identifying damage parameters in damage identification problems
and identifying cross sectional properties in optical imaging prob-
lems both require solving a large number of complex direct problems
to construct large training sets. The common problems in applying
NNs to the two problems are that the dimension of the inputs for
NNs can be too high for a quick training of the NN and that the
number of direct problem, which needs to be solved to construct
the training set, can also be too large to obtain meaningful solution
with the computing resources available. Principal component anal-
ysis can be used to reduce the dimension of the input to an NN and
orthogonal arrays can be used to reduce the size of the training set
efficiently and to obtain reasonable results. Here, the effect of using
principal component analysis (PCA) and orthogonal arrays (OAs)
in solving two inverse problems using NNs has been studied.

In the damage identification problem, a locally damaged plate
finite element model developed in NASTRAN® commercial finite
element package was utilized to evaluate the use of PCA and OAs for
NNs. The data used as inputs for NNs in identifying the location of
the damage were the transient response data at number of locations
of the damaged plates. NNs were able to map automatically this two-
dimensional damage location parameter space and give the values of
damage location, given the transient response of the damaged beam,
instantaneously. The problem in utilizing the transient response data
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was that the dimension of the input was quite large, making the use
of NN somewhat impractical because of the time needed in training
NNs. Therefore, the use of PCA was considered to be a viable option
to reduce the dimension of the inputs for NNs. On the other hand,
the size of training sample has to be such that it can cover most of the
possible variations in the parameters. This requires huge number of
training sets to be selected and solved. Using OAs, we can efficiently
choose the training data set to be selected and used. The experience
in utilizing NNs with PCA in the damage identification problem was
found to be very valuable in solving the optical imaging problem
and vice versa.

Optical imaging is the methodology of using light in a narrow
wavelength band in the near-infrared range (~700-1000 nm) to
transilluminate a light diffusive media such as a human tissue and
to use the resulting measurements of intensity on the tissue bound-
ary to reconstruct a map the internal optical properties. The main
advantage of optical imaging is its capability of safely and portably
measuring tissue functions to detect nonfunctioning cells, such as
cancerous cells. It is known that to be able to observe the func-
tioning of cells a continuous and noninvasive imaging method is
required. Moreover, optical imaging has advantages over x rays,
computed tomography scans, and positron emission tomography
scans because of its portability and lower equipment cost as well.?
The main idea of optical imaging is that light passes through the
body in small amounts, carrying with it characteristics about the
tissues through which it has passed. Based on these characteristics,
optical images can be obtained by solving the inverse problem of
light propagation. However, diffusive and scattering characteristics
of near-infrared light when propagating in a tissue leads to a highly
nonlinear inverse problem whose solution requires large amounts
of computational time even for relatively coarse measurements if
conventional methods are used.>*

The application of NN may help reduce this computational time,
thus making the use of optical imaging to determine the presence
of an anomaly in a tissue a more viable approach. The process of
solving this inverse problem consists of two parts. The first part
entails solving the direct problem of the light diffusion equation to
predict propagation of photons in a tissue. The second part, based
on the solutions of the direct problem and the information observed
in the detectors, entails obtaining an optical image by solving the
inverse problem.

In our research, we have used a finite element method (FEM) pro-
gram to solve the direct problem and have integrated this program,
with NNs available in the Neural Network Toolbox in MATLAB®
to identify the location of an anomaly using measurements of near-
infrared light that has propagated through a human tissue and has
gone through a high degree of both scattering and absorption.
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In applying NNs to this problem, one of the problems was the
large size of the dimension of the inputs. The inputs calculated at
the surface consisted of detector readings at number of detector
locations for each source positioned at number of locations. For
example, if there are 20 detectors and 20 light sources, the dimension
of the inputs is 400. However, the input sets can be highly correlated
to each other. Therefore, PCA was used to reduce the dimension of
data.

In our previous work, we have used the calculation of the time-
independent integrated photon intensity only. Here, we added the
calculation of the photon mean time of flight (PMTF) using FEM
in identifying anomaly in a homogenous tissue.

PCA

PCA is an algorithm of self-organized learning for NNs. PCA
decomposes the data set to the principal components and reduces
the dimension of the input. This method is most useful in the cases
when the dimension of the input is large but the data are highly
correlated to each other and the size of the useful content is limited.
The procedure in performing PCA is as follows.>-®

Let [H ]y « v be an output composed of M sampling points and
N output sets. The first step in PCA is normalizing the matrix. The
mean value and the standard variance at each point can be calculated
as

I .
Hi=2 hy (M
j=1
2 1 - r7\2
St = >y~ H) @)

j=1
Then, the output matrix can be normalized for each point as
hij = (hy — H) [ SW/N 3)

From the normalized output matrix, the correlation matrix is calcu-
lated as

[Clusxm = [HluxnHIY o )

The eigenvectors and eigenvalues of the correlation matrix are the
principal components of the output matrix and can be calculated
from [C{W;} = A, {W;}, where %, is the ith eigenvalue and ¥; is ith
eigenvector. The eigenvalues and eigenvectors are ordered in a way
that the largest value of eigenvalue comes first.

The maximum variation from the mean is calculated as

M
J, = ;A,- 5)

When we select first P principal components to reconstruct the
output matrix, the reconstruction error is

M P M
I SR SR
i=1 i= i=P+1

The relative reconstruction error in representing the system with P
number of principal component can be calculated as

(X))

The value of P can be determined so that the error is within desired
level. _

The projection of the response variation matrix [H]y « x to the
principal components is

[Alyxn = [¥som [Hlyxn (8)

If we choose to select P number of the principal components, the
projection of the response variation matrix is reduced to [A]y x p.
This reduced response variation matrix is used as input for the NNs
instead of the full output matrix.

The normalized output matrix restored back from the reduced
response variation matrix can be calculated as

(A1~ [Aly < p[ Wy« p ©

The output matrix is restored back from the normalized output ma-
trix by

hijr(@) = Siv/Nhij(w) + H; (10)

OAs

OAs can be defined as a simplified method of putting together
an experiment. In OAs, orthogonal means being balanced and not
mixed, and in the context of experimental matrices, it means statisti-
cally independent.” OAs has been employed in number of different
areas.”™ One of their successful applications has been in quality
engineering.?

As an example, Fig. 1 shows an OA with seven factors, two
levels, and strength two. When we pick the two columns from
the array, the possible combinations are 00, 01, 10, and 11. In
Fig. 1, for any two columns picked, the number of the occurrence of
the possible combination is always same. The maximum possible
runs, which is called full factorial, can be calculated as 27 = 128.
Minimum runs selected by the OA are (number of levels —1) x
(number of factor) + 1= (2 — 1) x 74 1 =_8. The advantage of the
OA is the benefit of efficiency and simplicity. For our use in
NNs, OAs were selected from an internet database of OAs for
matching number of factors and levels. (Data available online at
http://www.research.att.com/~njas/oadir/ [cited 13 May 2006].)

Damage Identification

Damage was identified in a cantilevered plate shown in Fig. 2.
NASTRAN was used to build a finite element (FE) model and ob-
tain dynamic response. The damages were represented as elements
with reduced Young’s modulus. To identify the location of damage,
two properties of the dynamic behavior of the damaged plate were
utilized. One was the transient displacement response, and the other

1 2 3 4 5 6 7
1 0 0 0 0 0 0 0
2 1 0 1 0 1 0 1
3 0 1 1 0 0 1 1
4 1 1 0 0 1 1 0
5 0 0 0 1 1 1 1
6 1 0 1 1 0 1 0
7 0 1 1 1 1 0 0
8 1 1 0 1 0 0 1

Fig. 1 Example of an OA (7 factors, 2 levels, strength 2).

MMM —

1m

"’/’///

Fig. 2 Cantilever plate for damage identification problem, E=
62.05 GPa, v =0.35, p=2700 kg/m>, and thickness 5 mm.
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was the frequency response function. To calculate the transient dis-
placement response, NASTRAN was used to calculate modal stiff-
ness and mode shapes of the plates repeatedly each with a damaged
zone at different locations. Next, a mode superposition method was
used to calculate transient response based on the transient input, the
modal stiffness matrix, and the mode shapes of the plate for each
case. PCA was used to reduce the dimension of the transient response
before being used as input to NNs. To calculate the frequency re-
sponse function, fast Fourier transform (FFT) was applied to the
transient response obtained using the mode superposition method.

One of the problems in applying NNs to the damage identification
problem was that we have to perform FE analysis for each damage
location and feed the output file to the NNs’ training and testing.
Therefore, a code in MATLAB environment was developed that
can automatically generate input file for NASTRAN for different
locations of damage, execute the NASTRAN analysis for each case,
read the modal data from the NASTRAN output file, and perform
the mode superposition method and FFT. Next, the same code was
used to train NNs and test the trained NNs. This procedure is shown
in Fig. 3. This automatic code made it possible to generate training
sets and testing sets, as many as needed, and to use the set directly
in NN analysis.

To solve the dynamic equation (11), the reduced dynamic equa-
tion (12) was used, and this reduced dynamic equation was solved
independently using piecewise linear approximation to obtain tran-
sient displacement response at various locations:

Mii + Ku = p(t) (11)

&
Generate Input Files for
NASTRAN in MATLAB

v
Execute NASTRAN
analysis
Change
v Damage
Read Modal Stiffness and Parameter
Modal Vectors from

NASTRAN output file
v

Calculate transient
response using Modal
Superposition Method

Perform PCA on the set of
the transient responses

v

Train NNs Based on the
PCA data of the transient
response

v

Test NNs with unseen
testing data set

Fig. 3 Procedure for obtaining dynamic response and training and
testing NNs.

Mij + Kn = p(t) (12)

u= on, M= dMOP, K= oK, p=op
where M is the mass matrix, K is the stiffness matrix, p(z) is the
forced input vector, u is the displacement vector, M is the modal
stiffness matrix, K is the modal stiffness matrix, p is the modal force
vector, 77 is the modal displacement vector, and @ is the eigenvector
matrix.

The FE model constructed for the damage identification has
40 x 80 =3200 elements. The training set was selected for 10 lo-
cations in the x direction and 20 locations in the y direction. This
resulted in 200 training sets. The testing set was selected at the
midpoint between the training points. This resulted in 9 x 19 =173
testing sets. For each set selected, modal stiftness and mode shapes
were calculated using NASTRAN.

The transient out-of-plane response of the plate was calculated
against the excitation by half-sine wave shown in Fig. 4. The tran-
sient responses were calculated at 8 locations using mode super-
position method with 10 modes for each case. Figure 5 shows the
location where the half-sine wave is applied and the locations where
the transient displacement vectors were calculated.

The transient out-of-plane displacement vectors at eight locations
were selected for the duration of 0.25 s and were arranged into one
column of vectors for each training set. Next, PCA was applied to
the transient displacement vector and the dimension reduced from
4000 to 44 when the relative error was set to be 0.1%.

An NN was trained with the reduced set of principal compo-
nent of the displacement vector. The NN used was multilayer feed-
forward backpropagation NN. The resilient backpropagation train-
ing scheme was used. The targets were the x and y coordinates of
the center of the damaged zone. The size of the training input matrix
was 44 x 200, and that of the target was 2 by 200. The training took
24 s in a Sun Blade 1000 workstation to reach the simulation error
goal. Figure 6 shows the simulation errors of trained NN relative
to the length of the plate. Here, we can see that simulation error is
not more than 4% and not less than 2%.

Next, instead of the displacement data, FFT of the transient out-of-
plane displacement vector was used as the training inputs for NNs.

12

10

Force (N)
(o)} o]
™~
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0 0.0025 0.005 0.0075 0.01

Time (sec)

Fig. 4 Time history of force applied to plate.
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Fig. 5 Locations of displacement reading and force applied.
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Simulation
Error

Fig. 6 Relative simulation error of NN trained with PCA of transient
displacement vector at each testing point placed in midway between
training data points in predicting the location the of damage.

Simulation
Error (%)

Fig. 7 Relative simulation error of NN trained with FFT of transient
displacement vector at each testing point placed in midway between
training data points in predicting the location the of damage.

5x5

20x10 |:>

Fig. 8 Dividing 20 x 10 sections to 2 X 2 X 2 X 5 X 5 sections.

The input vector was constructed from the first 200 frequency points
that include the highest mode considered in the modal superposition
method for each location of displacement calculation. The size of the
training input matrix was 1600 x 200. Figure 7 shows the relative
error of the trained NN in simulating damage location with FFT of
the transient displacement vector. It took about 1 h and 30 min to
train the NN. The value of the average mean error in this case was
close to that of the case where PCA of the displacement vector was
used as input. However, there were more variations in the simulation
error, and there were high values of error in certain points.

To select smaller number of training sets, OAs were used. The
original training space is 10 x 20 and composed of 200 cases. To
apply an OA of known construction to this problem, the space com-
posed of 10 x 20 was divided into different a parameter space:
10 x 20 was divided into 2 x 2 x 2 x 5 x 5 sections as shown in
Fig. 8, and an OA was applied in selecting the minimum set. Figure 9
shows the part of an OA selected in this study. The number of the
set selected with this OA was half the number of the whole set.
Therefore, the size of the training input matrix became 44 x 100
from 44 x 200. The training took only 7 s, whereas the NN with

el el K= ==l BEl Bl el el B
=1 Y E=1 I H=) I Nl J &)
ol ==l —=|~|c]w
—l === oo >
[\ SN I O} I \S) SNy SN RN SN RS O

[ IEN T o) IO, IEN) [USY I O ) B

Fig. 9 Part of an OA for 3 factors with 2 levels, 2 factors with 5 levels,
and strength 2.

Simulation
Error

Fig. 10 Relative simulation error of NN trained with training set ob-
tained from PCA of transient displacement vector and selection from
OA at each testing point placed in midway between training data points
in predicting the location the of damage.

PCA took 24 s and NN with FFT took 1 h and 30 min. Figure 10
shows the simulation errors between 2 and 29%.

Optical Medical Imaging

In the optical imaging problem, the orientation of an anomaly in
a circular-shaped tissue was identified based on integrated intensity
and photon mean time of flight based on the detector readings placed
around the tissue as shown in Fig. 11. The property of photons
that have passed through the tissue can be calculated using photon
transportation theory. A good approximation to this theory is the
photon diffusion equation. FEM can be readily used to solve this
photon diffusion equation to obtain the property of light that went
through the tissue. Two kinds of photon properties were calculated
in this study. One is the time-independent integrated light intensity
and the other is the photon mean time of the flight. The methods to
solve these two properties followed the work of Arridge et al.'” and
Arridge and Schweiger'! and are explained in the Appendix.

There are various kinds of source and boundary conditions in
tissue optics. The Dirichlet boundary condition assumes a perfect
absorbing medium surrounding the domain. The Robin boundary
condition assumes a nonscattering medium surrounding the domain.
The Dirichlet boundary condition was assumed in our analysis be-
cause of its ease in application.

For source conditions, two kinds of conditions are mainly used
in tissue optics. One is the collimated source condition, which is
represented by an isotropic point source located at a depth. The
other is the diffused source condition, which assumes that an inward
directed diffuse photon current is distributed over the illuminated
boundary segment. The collimated source condition was assumed
in our analysis.

In the numerical experiment, the dimension of the original train-
ing set for the model with 20 sources and 20 detectors was 400.
When the contribution limit set was 0.075% for PMTF inputs, the
dimension was reduced from 400 to 80 after the PCA. In the case
of integrated intensity E, the dimension reduced to 82 from 400
when the contribution limit was set to 0.005%. As shown in Fig. 12,
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Fig. 11 Solution of direct problem.
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Fig. 12 Learning process for various sets for training inputs with and
without PCA and epochs for desired degree of training.

PCA saves training time and achieves a smoother training process.
Figure 13 shows the simulation error for different combinations of
inputs. Among the various cases, we can see that a combined input
of PMTF and E with the PCA gave the most accurate results.
Next, PCA was used in reducing the size of the training set for
the element property simulation NN, whose output neurons simu-
late the absorption constants of each element in the FE model. The
PCA reduced the size of training input from a 144 x 274 data set to
a 72 x 274 data set, thereby reducing the time to train the NN by a
factor of four and increasing the probability of success in the pre-
diction of the edge of an anomaly using integrated photon intensity
measurements. Figure 14a shows the convergence of the simulation
error in the learning process without PCA on the training input. It
did not reduce the error to less than 10~* even after 5811 epochs.
Figure 14b shows the convergence of simulation error in the learning

14
w 12 -
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3 X
5 o e - .
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2 X X XX o "
® u e ¥
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Fig. 13 Simulation error in predicting the orientation of an anomaly:
¢, PMTF; B, PMTF and PCA; A, E; X, E and PCA; x, PMTF and E;
and @, PMTF, E, and PCA.
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b) Training with PCA
Fig. 14 Training process of NNs to identify element properties.
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Fig. 15 Simulation of element properties for 10 cases; each case tried
separately.

process with PCA. Here, we can see that it took only 1981 epochs to
reduce the error below 107>, Figure 15 shows the simulated edges
of the anomalies by NN. The NN trained with PCA closely identi-
fied the edge of the anomaly. In the case of the NN trained without
PCA, the close prediction was 9 out of 10 testing sets.

Conclusions

PCA and OAs were used to reduce time and effort required in
solving inverse problems. In the damage identification problem in a
plate, it was found that the use of PCA can reduce the training time
by more than hundreds of times and results in a NN that gaves an
output with consistent level of error. The reason that the simulation
error of NN trained with PCA data is not less than a certain level
is that a certain characteristic is lost in the process of PCA, but
another characteristic strengthened the consistency data with PCA.
The use of PCA in an optical imaging problem gave output without
abottom limit for the simulation error. This seems to be because the
characteristics of the input data are different in the two problems.
Also, the use of OA reduced the time and effort required in applying
NN to solve the damage identification problem.

The code developed in the MATLAB environment that can auto-
matically connect NASTRAN analysis to MATLAB analysis made
it possible to generate enough training data for NNs in the damage
identification problem. Moreover, this code has made it possible
to use a highly complex NASTRAN structural model in an analy-
sis or a design process that involves NNs and other analyses such
as the mode superposition method and FFT analysis in MATLAB
environment.

Appendix: Calculation of Photon Properties

The photon diffusion equation that approximates the photon trans-
port in human tissue can be expressed as

CL%QD(L )=V -[DOVO(r, )]+ pu, )@, t)=5Sr,t) (Al)

where D(r) is the diffusion constant, F'(r) the diffusion intensity,
S(r, t) the source strength, u,(r) the absorption coefficient, r the
position, ¢ the time, and ¢, the speed of light in the medium.

The solution of this light diffusion equation is obtained by FEM
using the Galerkin approach (see Ref. 10),

[K(K)+C(Mu,0)]¢+Bz—T=Q (A2)

K, = / VY () - T () A2
Q

Ci_/’Z/Ha(r)CWj(r)Wi(r)dgv Bij=/lﬁj(r)¢i(r)d9
Q Q

Q= / v (Nqo(r) dS2, D =[®(1), P2(1), ..., Pp(1)]
Q

C

K= 3[pa (r) + p(r)]

where « is the diffusion coefficient, u, the absorption coefficient,
s the reduced scattering coefficient, and ¢ the speed of light.
The time-independent photon intensity is calculated as

. 1 *°
O (w)|w=0= E/ (1) dt = [K(k) + C(ia, ©)]7'Q (A3)
0

To introduce the concept of PMTF, Mellin transform needs to be
introduced. Mellin transform, which is the moment of the temporal
distribution of an intensity, can be expressed as

I*(s) = / #7I0 () dr (A4)
0

where I" is a time-varying intensity.
Then, the mean time of the occurrence of the time-varying inten-
sity shown in Fig. Al is

Jo ot (@) dt _ro
Jor@de T

(1) = (A5)

The definition of the Fourier transform is

Gw) = \/% [ ) e g () dt (A6)

Differentiation by w results in

G —-i [
(@) = / te '"g(t)dt, g(1) =0, t<0
w 21 J_ o
(A7)
‘When w is zero, the Fourier transform becomes
G(w)| . / T ewar (A8)
D)|w=0 = —F/——
0 7 ﬂog
/ gt dt =vV2rG(w)|,_, =G*(1) (A9)
0

When w is zero, the derivation of the Fourier transform becomes

—i o0
= tg(t)det
w=0 M 27 ‘/:00 §

/ 1g(t)dt = iN2mw 9G (@)

0 ow

3G (w)
w

=G*(2)  (Al0)

w=0

1.2 1
1
> 08
2 I
9o 0.6 ‘ \ Fig. A1 Time-varying in-
< 04 tensity; (f) is mean time of
/ \ occurrence of intensity.
. i
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0 10 <t> 20 30



1634 KIM AND KAPANIA

Therefore, the mean time of flight can be expressed with Fourier
transform and its derivation as

_ fo tg(ryde _GO
fgwyde G*(D)

(1)

i[0G(@)/90]],—0

= — (A11)
G(w)]w=0
Taking the Fourier transform in Eq. (A2) results in
[K(x) + C(ita, ¢) + ioB]®(0) = Q(w) (A12)

Differentiating with w results in

30 (w)

P (w) +iBd ()= =22 -0 (A13)
dw

ow

[K(k) + C(itg, c) +iwB]

When Q is an impulse, its Fourier transform is a constant and the
derivation is zero.
Evaluation of Egs. (2) and (3) at w = 0 results in

[K(x) + C(ua, )] aq;(w) = —iB®)|y_o (Ald)
@ =0
iaqg(‘”) = (K@) + C(ta 01 'BR@)| ,_, = °2)
@ w =0
(A15)
Mean time of flight is calculated as
" — Jo o) d Q)
[T ewmd (D)
_ i[89(@)/30]l—0
(@)w=0
[K(x) + C(tta, )1 "'BO )|, _,
= © (A16)

S(@)w=o
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